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ABSTRACT

This paper presents a macroscopic description of turbu-
lent open channel flow above and within a rough per-
meable bed. The flow domain consists of two regions:
the stream region above the bed, which contains only
water, and a porous medium region within the bed,
which contains both water and grains. The two regions
are separated by a macroscopic boundary. The macro-
scopic description contains the double-averaged Navier-
Stokes equations valid within the stream and within the
porous medium, as well as the conditions for macro-
scopic flow variables at the interface between the two
regions.
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1. INTRODUCTION

Turbulent streams often have very permeable gravel
beds with substantial pore space, which allows exten-
sive mass and momentum exchange between the stream
and the water flowing within the bed. Because of the
high permeability it is possible to have turbulent, there-
fore highly time-dependent flow both above and within
the bed. Furthermore, at the scale of a fluid particle
(microscopic scale) flow is always spatially heterogene-
ous, both within and above the bed. Within the bed the
flow domain is also discontinuous. It is impossible, or at
least impractical to use instantaneous and microscopic
flow variables to investigate flows above and within
rough permeable beds.

The difficulty is overcome by averaging. Time variabil-
ity is addressed by using classical time/ensemble aver-
aging, while spatial heterogeneity is smoothed by spatial

averaging, which provides a continuous flow descrip-
tion at the scale of averaging volume (macroscopic
scale). The theory of spatial averaging was first devel-
oped for classical porous media flows (Grey and Lee
1977, Whitaker, 1999) with the assumption of steady
laminar flow, so that time averaging was not necessary.
Later on it was recognised that spatial averaging can be
applied to time/ensemble averaged equations describing
turbulent flows (Wilson and Show 1977, Gimenez-
Curto & Corniero Lera 1996, Smith & McLean, 1977,
Nikora et al. 2001, Nikora et al. 2007). This formed the
basis for the double-averaging methodology, which
provides macroscopic description of the mean flow by
averaging fundamental equations twice, once in time
and once in space. Because of its ability to deal with the
spatial flow heterogeneity the double-averaging meth-
odology is very convenient for investing turbulent flows
above and within gravel beds.

Figure 1 shows the definition sketch for the flow above
and within a rigid gravel bed. Gravel is assumed im-
permeable, with zero fluid velocity at the surfaces of the
individual grains. A surface connecting the crests of the
tallest bed roughness elements is called bed surface and
for simplicity assumed flat. A coordinate that measures
the level relative to the bed surface is denoted with z.
The region between the bed surface and the free surface
(0<z<H) is called the stream. The flow region be-
low the bed surface is called the porous medium and
may have a finite or an infinite depth.

In order to provide physically meaningful averages the
size of the volume used for spatial averaging has to
satisfy the requirements for the Representative Elemen-
tary Volume (Bear, 1979): it has to be large enough to
capture statistically significant sample of the flow do-
main and hence produce stable results of averaging and
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at the same time small enough to avoid smoothing mac-
roscopic flow heterogeneity. Velocity gradients normal
to the bed surface within the stream are high, so the
appropriate height of the averaging volume which pre-
serves them is very small, i.e. the averaging volume

should be a thin disc of height A and areaoc /% (Figure
1). Deep within the porous bed the known flow parame-
ter is the bulk resistance so the appropriate averaging

volume is thicker, oc /3. Within the porous bed, but
close to the bed surface, the height of the averaging
volume may gradually vary between A and /.

— H-

Stream II*:,
A

Bed surface

Int

Figure 1. Definition sketch for flow above and within a
porous bed: porosity profile; flow layers within the bed;
averaging volumes.

Above the bed the averaging volume contains only
fluid, whereas within the bed it contains both fluid and
the solid matrix. The ratio of the volume of fluid within
an averaging volume and the averaging volume itself is

porosity, ¢. Above the bed surface 0 < z < H porosity
is one. It starts to decrease just below the bed surface, at
z = 0 and reaches a stable value at a certain depth
6 (Figure 1). The space between the bed surface and the
position of stable porosity, -6 <z < 0, will be called the
‘interface region’. It is important to distinguish between
this region and the layer influenced by the free-fluid
flow, which is usually called the ‘transition layer’ and in
some papers also the ‘Brinkman layer’. While the inter-
face region refers to the space necessary for the solid
matrix to achieve the geometrical properties of the po-
rous medium, the transition layer is associated with the
depth of penetration of turbulence from the free-fluid
region. The interface region is hence defined by the
geometry of the pore space while the transition layer is
related to flow conditions.

Numerous researchers (e.g. Beavers and Joseph 1967,
Shaffman 1971, Sahraoui and Kaviany 1992, Ochoa-
Tapia and Whitaker 1995) have studied the interface
between laminar flow above and inside a permeable
bed. The conditions at the interface between a turbulent
boundary layer and a porous medium have received
much less attention. The exception is the work of de
Lemos and Silva (Silva, de Lemos, 2003, de Lemos,
Silva 2006 etc.) who proposed, but without derivation,
to extend the stress condition of Ochoa-Tapia and
Whitaker 1995 by adding turbulent viscosity.

This paper presents the macroscopic description of
turbulent open channel flow above and within a very
permeable gravel bed. The description consists of the
double-averaged Navier-Stokes equations applicable to
both the stream region, 0 <z < H , and the porous bed
below the interface region, -oo <z<-8, combined with
the conditions for macroscopic flow variables across the
interface region, -6 <z < 0. These conditions can be
used directly, or assigned to a nominal interface be-
tween the stream and the porous bed situated some-
where within the interface region.

2. DOUBLE-AVERAGED EQUATIONS

Time averaging is performed over a time interval suffi-
ciently long to produce stable statistics for all flow
quantities. Spatial averaging is performed over repre-
sentative volumes described above. Appendix A con-
tains the definition of all averaging operators and the list
of averaging rules and theorems.

The double-averaged balance equations are derived by
averaging the equations valid for the motion of a micro-
scopic fluid particle twice, once in time and once in
space. Spatial and temporal averages are denoted with
square brackets and straight over-bar, respectively,
while deviations from the spatial and temporal average
are denoted with the wavy over-bar and prime, respec-
tively.

The double-averaged continuity equation for incom-
pressible fluid is obtained from the microscopic conti-
nuity equation by applying spatial-averaging theorem
(A.18)

oT) o i-123. )
OX:
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The double-averaged momentum balance equation is
obtained from the Reynolds-averaged Navier-Stokes
equation (B.1) with the use of the theorems (A.16),
(A.18) and the rules (A.9) and (A.10), as shown in Ap-
pendix B. The result is

a¢<aj> a¢<uj><ai>
P~ TP :p¢9,—TX_

i j i

J

2(p) , o0,
OX;

O]

where t=time, x; = Cartesian coordinates, u;=velocity
component in the j-th direction, gj=gravity acceleration
in the j-th direction, p=pressure, p=density, and Einstein
summation convention applies. The fluid stress on the
right hand side was obtained by grouping macroscopic
viscous stress and the two additional terms that arise
from the two averaging steps:

where g= viscosity. The last term on the right hand side
of (2) contains the total drag force f_jexerted by the

fluid on the roughness, per unit averaging volume. It is
equal:

= 1 1 ou. .
f=—=[pnfdS+=[u—in'ds, i j=123 4
, Vip ; v!”ax. ; j

where S is the surface of the grains within the averaging
volume defined by the unit normal vector nff (Figure
Al).

Due to commuting properties of all averaging and de-
viation operators (A.11)— (A-14) the double-averaged
momentum equation obtained using a reverse order of
averaging steps i.e. by averaging Navier-Stokes equa-
tion first in space and then in time is identical to (2)
(Pedras, de Lemos, 2001, Pokrajac et al. 2008).

In order to obtain a useful form of the double-averaged
equations the terms that contain microscopic variables
have to be parameterized. In analogy with the free-fluid
flow at a point, spatially averaged turbulent stress can
be parameterized using turbulent viscosity and macro-
scopic deformation tensor (de Lemos & Silva, 2006).
This parametrisation is yet to be tested for heterogene-
ous flow close to the bed surface. Parameterisation for
the form-induced stress term is at present not available.
In porous media flow a common model for the drag
term is

—-f, i,j=123,

—h

— _\s C _\S|/_ s
i:%<”i> * ji—p<”i> ‘<”i> ‘
where K is the intrinsic permeability of the porous me-
dium and the constant cg is known as the non-liner For-
cheimer coefficient. The superscript s on the spatial
averaging symbol denotes the superficial average de-
fined by (A.2a). In classical porous media literature

j=12,3 (9

<uj>sis usually called Darcy velocity, whereas

<U,-> - <uj>s/¢ is called pore velocity or linear veloc-

ity. Both of them are typically used in the context of
laminar flow. The values of the linear and non-linear
coefficient depend on the flow regime within the porous
medium, which can be inferred from the pore Reynolds
number. Dybbs and Edwards, 1984 classify flow re-
gimes as: Darcian or viscous drag dominated (Rey<1),
Forchheimer (1~10<Rey<150), post-Forchheimer or
unsteady laminar (150<Re,<300), and turbulent
(Re,>300). In Darcian regime the Forcheimer coeffi-
cient cg in the second term on the right-hand side of (5)
is zero. In all other regimes cg differs from zero and
may have different values for different flow regimes,
due to the different mechanisms of generating drag (e.g.
viscous drag in unsteady laminar flow and form drag in
turbulent flow). Horton and Pokrajac (2009) provide
experimental values of coefficients in (5) for transitional
and turbulent flow in a regular porous medium com-
posed of uniform-sized spheres.

Equations (1)-(4) are valid for averaging volumes cov-
ering either solely the stream, where porosity is one so it
vanishes from the equations, or solely the porous me-
dium below the interface region. The macroscopic de-
scription of a flow field is obtained by moving an aver-
aging volume over each of them and assigning the re-
sulting double-averaged quantities to the position of its
centre. The lowest position within the stream is such
that the bottom of the averaging volume coincides with
the bed surface (Figure 2). The highest position is such
that porosity is still unaffected by the interface. The
interface region, situated between the centres of the
averaging volumes at these two positions, requires a
special treatment, which is outlined in the following
section.

3. CONDITIONS AT THE MACROSCOPIC
BOUNDARY BETWEEN THE FREE-FLUID
AND THE POROUS MEDIUM

For simplicity the interface is assumed flat. The right-
hand Cartesian coordinate system is used, with x; and x,
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axes parallel with the interface and x5 perpendicular to it
(Figure 2). For simplicity the axis x3 is shifted down-
wards (compared to z in Figure 1) so that x3 =0 at the
bottom of the interface region. The surface enclosing
the interface region consists of the following three parts
(Figure 2):

o ‘Free-fluid’ part A, with the outward unit normal

vector, N}, in +x direction (n; =nj =0, nj =1),

* ‘Porous medium’ part A. with the normal, n;, in -

X direction (n, =n, =0, n, =-1),

o Side surface, with the outward unit vector n® in the
plane x; = const. The area of the side surface is equal
oL where L is the curve enclosing the area of the inter-
face in the plan view (Figure 2).

Interface Region

Figure 2. Definition sketch for the condition at the inter-
face. The interface region covers the volume between
the centre of the lowest averaging volume in the free-
fluid region and the centre of the highest volume in the
homogeneous part of the porous medium shown on the
left. Height of the averaging volume gradually increases
across the interface region.

p mj¢< )
3l
1

For momentum in a direction parallel to the interface,
j=1,2, the last two terms in the second line of (9) are
zero, whereas for momentum in the interface-normal

+

#(p)n: dx, dl - j¢

O, O'—rﬁr

A+

nkdx3d|+j¢< @) dA- [ ¢(T, () {

+dA+ I¢

The macroscopic conditions at the interface are derived
by integrating the double-averaged balance equations
(1) and (2) over the interface region.

3.2.1 Continuity

Integrating (1) over the volume of the interface region
with the use of the divergence theorem gives

i

Porosity along A, is one, along A. it is ¢, whereas along
the interface thickness & it changes between the two
values. The first integral on the left-hand side of (6) can
be simplified by introducing unit volume flux averaged

#(, mdxm+f¢ dA=0, k=12 (6

ocw—,

dA—j¢@g

5
over the interface thickness, U :%J.¢<Uk>dxs and
0

by using the area divergence theorem. The result is

qu)mwm é,(a,) aéUSJolA 0, k=127

orous medium
A P aXk

Shrinking the area of the interface yields
the following continuity condition at the interface :
- ooV,
(0,) :

porous medium 8Xk

=0 k=12-(8)

free-fluid # <U3>

3.2.2 Momentum balance
Momentum balance equation (2) is integrated over the

interface region. The local acceleration term is dropped
because of the flow steadiness. The resulting equation is

gpg;dx,dA

O ey

A

ndA )

¢Tkjnlfdx3d|+I¢73jdA—I¢r3jdA—IjfjdXSdA, j=123 k=12
A A0

direction j=3 the first term in the second line is zero.
Integrals along L can be simplified using the plane di-
vergence theorem. Equation (9) becomes
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pjaauujde j¢u )(a,) A—j¢<uj><03
ja5PdA j¢ n;dA+ [ 4(p)n;dA

>dA:j5¢BpgjdA
A

(10)

J‘—kjdAJfI¢ngdA—I¢T3jdA—I5FjdA, j=123 k=12
A A A A

where the following averages over the interface region thickness were introduced:

=_I¢U

Jdx, =t jwa,P o(m)a

1% 1t
Ty =gj¢rkj dx,. F, =gjfjdx3.
0 0

By grouping all terms in (10) and shrinking the area A the following macroscopic stress condition for the interface re-

gion is obtained

ooUU.
P |
OX,y A A
_@_Iqj )nidA+ [ ¢(p)n;dA
A
3] free-fluid P°3j porous medium

k

For the derivation of conditions at a macroscopic
boundary Ochoa-Tapia and Whitaker (1995) first inte-
grated balance equations over a large volume containing
‘free-fluid’, ‘porous medium’, and ‘interface region’,
then individually over ‘free-fluid’ and ‘porous medium’
parts. The conditions at the interface were then obtained
by subtracting the latter two from the first one. In the
above derivations the analogous result for turbulent
flow is instead obtained by integrating directly over the
interface region.

3.3 Uniform two-dimensional open channel flow

At this point tensorial notation is replaced with hydrau-
lics notation ( X = X, =streamwise, y = X, = lateral

and Z = X, =interface-normal coordinates, u,v,w, corre-
sponding respective velocity components). The analysis
is limited to the case of steady (o0 /6t =0), uniform (

6<7>/ax —0), two-dimensional (a<7>/ay —0) turbu-

lent flows above and inside an immobile porous matrix.
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In that case the macroscopic continuity equation reduces
to

o(T)
OX

so that the only direction with non-zero fluid momen-
tum is interface-parallel direction x.

=0, (V)=(W)=0, (12)

The double-averaged x momentum equation is

gpogsina = f, - 09
0z (13)
where the fluid shear stress is
ou —_ ~ ~
rﬂ:y<5>—p<u W>—p<u W) (14)

and the total drag force exerted by the fluid on the
roughness per unit volume is

1, 1. o .
f ——=(pndS+=(uSnds, i=123 (15)
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The macroscopic continuity condition at the interface
(8) reduces to

<V_V>|free—ﬂuid - ¢P <V_V>

and the momentum balance condition (11) becomes, in
x direction

=0, (16)

porous medium

g o
sz‘free—ﬂuid + jpgx¢dz = ¢przx +I fXdZ (17)
0 0

porous medium

Condition (17) is a stress jump condition at the inter-
face. It states that the change of macroscopic fluid stress
across the interface region is due to momentum supply

S5
within the region (ngx¢dz ), momentum sink within
0

S5
the region (J'¢ f,dz ) and change of porosity between
0

the free-fluid and porous medium face.

The double-averaged momentum equation (13) applied
to flow above and within the porous bed, together with
the interface condition (17) forms a macroscopic de-
scription of turbulent flow above and within the gravel
bed. The corresponding fluid shear stress profile equa-
tion (13) is integrated between the free-surface and an
arbitrary bed-parallel plane z=const. For a plane above
the roughness top the total driving force or momentum
supply (per unit plan area) between the plane and the
free water surface is

h
f pgsinadz = pgS(H — z), 19

where z=height of the plane above the roughness top
and S=bed slope (Figure 3). It is in balance with the
momentum flux through the plane at the height z, z,(2),
S0 1, increases linearly, starting from the zero at the
free surface. Far away from the roughness both viscous
stress and form-induced stress are negligible so 1z, is
turbulent shear stress. Near the roughness crests persis-
tent vortices behind roughness elements cause form-
induced momentum flux so momentum is transferred
from the flow above by both turbulent and form-induced
shear stress. At the roughness crest, z=0, the momentum
flux from the flow above the roughness is just sufficient
to balance pghS, so the fluid shear stress is

Th=pQgHS (20)

z
H S i
Stream d)'C\,_.:’C.\-:
Cumulative
momentum
> balance
Cumulative

driving force

Figure 3. Momentum transfer between a stream and a
permeable bed. Fluid shear stress has a step change
across the interface region.

Below the roughness crest, in the interface region be-
tween the crest level and a bed-parallel plane at the
bottom of the interface region (at depth o beneath the
crest) porosity changes from one to ¢, with the average

value q§ Due to the change of porosity, an additional

momentum supply of gpgSS and the momentum sink

due to drag, fluid shear stress may have a step change
described with (17). So far there are very few experi-
mental data on the fluid shear stress inside permeable
beds so not enough is known about the relative impor-
tance of the turbulent, form-induced and viscous
stresses there.

Deeper within the permeable bed flow gradually reaches
the conventional porous media regime where all of the
additional momentum supply is extracted by the drag so
that the fluid shear stress becomes constant (Figure 3).
The depth of the transition layer mentioned at the be-
ginning of the paper can now be defined as the point
where the fluid shear stress becomes constant.

The velocity gradient is likely to follow the shear stress
profile, so it is expected to have maximum at the bed
surface, and then gradually change until in the porous
media regime it becomes constant. At the interface
between the stream flow and the flow within its perme-
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able bed velocity gradient may change, in accordance
with the step change in fluid shear stress.

4. DISCUSSION

Two particular cases are further examined in this sec-
tion, because of their practical importance: a permeable
layer of sufficient thickness for achieving conventional
porous media flow far away from the interface and a
permeable layer with a step change of porosity such that
the interface region is very thin.

For the first case consider a very thick permeable layer
of relatively low porosity. Far away from the interface
region the influence of the free-fluid flow has dimin-
ished, and conventional porous medium regime occurs,
such that the fluid shear stress is constant and momen-
tum supplied to a control volume is fully extracted by
the drag. The momentum balance equation becomes

pYP, = T, (2=—0)= 17"
so that the stress jump condition (17) can be re-written
as

)
P
sz‘free-fluid _¢przx porous medium .[[ fo——= f X (21)
0

Besides geometrical effect of porosity, the step change
in the shear stress is caused by the enhanced drag force
acting on the grains, compared to the equilibrium drag

f, . This may be due solely to higher flow velocity

but also to more efficient momentum extraction i.e.
higher drag coefficient. The experimental results of
Pokrajac et al. (2007) indicate that it is possible, at least
in a particular geometrical configuration, to have en-
hanced drag coefficient close to the interface and also
very shallow penetration of turbulent momentum. Bear-
ing this in mind it seems plausible to extend the defini-
tion of the interface region to involve not just variable
porosity but also the variable drag coefficient(s). The
influence of the turbulent free-fluid flow may penetrate
deeper, until the bottom of the transition layer. How-
ever, below the interface region the parameters defining
drag and turbulent momentum flux (shear stress) are
constant.

To obtain a useful form of the stress jump condition
(21) all terms need to be parameterized. The right-hand
side is related to drag, i.e., hydraulic resistance, which
means that, for the turbulent flow in porous medium, the
condition of Ochoa-Tapia and Whitaker (1998) is better

suited than Ochoa-Tapia and Whitaker (1995a). Regard-
ing stress terms it seems reasonable to use turbulent

viscosity to parameterise TZX|free—ﬂui 4+ but yet unclear

whether it is appropriate for Further

X |porous medium

experimental data are essential for clarifying these yet
unresolved issues.

Once the parameterisation for hydraulic resistance and
fluid shear stress is selected, the stress jump condition
(21) can be used in two-domain models to provide the
condition which couples the two domains. Alternatively,
following the approach of Goyeau et al. (2003), a sin-
gle-domain model can solve the differential form of (17)
or (21) throughout free-fluid and porous medium re-
gions. In this case an explicit layer of thickness & with
variable hydraulic resistance represents the interfacial
region. A more rigorous derivation of equations for a
single-domain model is presented in Pokrajac and de
Lemos (2015). It involves accounting for variable aver-
aging volume, which introduces additional terms in
double-averaged equations.

The second case of practical importance involves a thin

interface (0 — 0), which occurs at the top of the
roughness of constant height and constant porosity such
as bars, cubes, cylinders. In this case:

T 1 ou
, !fxdx3 > {ya—‘;dA

S5
50, [pg,gdxs —0,
0

so0 the condition (17) becomes

%“dA (22)

Tx ‘free-ﬂuid =Ty

porous medium A I
L. SA

Fluid shear stress consists of spatially averaged viscous
stress, form-induced stress and spatially averaged turbu-
lent stress (equation 14). The local turbulent stress and

form-induced momentum flux (pﬁ v:v) are zero across

the top area of the roughness elements, while viscous
stress is usually negligible above the gap between the
elements. Thus, across the roughness tops the only
component of the fluid stress is viscous stress and it
transfers momentum to the roughness via viscous drag.
Across the gap between the roughness elements mo-
mentum is transferred into the gap via turbulent and
form-induced momentum flux. This implies that for
roughness elements of constant height with significant
plan area across the interface local turbulent stress and
form-induced momentum flux above the gap have to be
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higher than their spatial average. This was indeed con-
firmed in experimental data of Djenidi et al (1994) and
LES data of Stosser et al (2004).

5. CONCLUSION

At a microscopic scale the turbulent flow above and
within a permeable bed is spatially heterogeneous, the
flow domain has a complex geometry and the flow
boundary condition is zero velocity across the surface of
the solid matrix. Double-averaging methodology is very
convenient for investigating such flows. Time-averaging
smoothes temporal variability due to turbulence, while
spatial averaging smoothes the spatial heterogeneity: the
details of the microscopic flow vanish in a macroscopic
model. The influence of small-scales, however, remains
and hence has to be expressed using the appropriate
parameterizations.

Spatial averaging also reveals the two distinct flow
regions with the macroscopic boundary between them.
The boundary splits flow domain into two sub-domains,
the ‘stream’ region and the ‘porous medium’ region.
Complete macroscopic flow description contains the
double-averaged balance equations for both regions and
the conditions at the macroscopic boundary between
them. At the boundary fluid shear stress and velocity
gradient may have a step change due to the change of
porosity and the action of drag.
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OD FLUIDNOG DELICA DO GLOBALNOG STRUJANJA:
MAKROSKOPSKI OPIS TURBULENTNOG TECENJA U OTVORENOM TOKU
I U POROZNOM SLOJU ISPOD NJEGA

Prof. dr Dubravka POKRAJAC
Univezitet u Aberdinu, Skotska, Ujedinjeno Kraljevstvo

U radu je izlozen makroskopski opis turbulentnog
teCenja u otvorenom toku sa hrapavim dnom, ispod
koga je vodopropusan porozni sloj. Oblast strujanja
sastoji se iz dve podoblasti: otvorenog toka koji sadrzi
samo vodu, i porozne sredine ispod njega koja sadrzi
vodu i zrna. Ove dve podoblasti razdvojene su ma-
kroskopskom granicom. Makroskopski opis strujanja

Rezime

sastoji se od dvostruko osrednjenih Navije-Stoksovih
jednacina koje vaze u obe podoblasti, i od uslova koje
makroskopske veli¢ine koje opisuju strujanje zadovol-
javaju na granici izmedu dveju podoblasti.

Kljuéne reci: turbulentno tecenje, otvoreni tok,
vodopropusan porozni sloj

Redigovano 11.10.2017.

VODOPRIVREDA 0350-0519, Vol. 49 (2017) No. 285-287 p. 29-39 37



Od fluidnog deli¢a do globalnog strujanja

Dubrakva Pokrajac

Appendix A Averaging Rules

An averaging volume V (Figure Al) contains volume of
the fluid, V; , and volume of the solid, V. The area en-
closing V, A, is defined by the unit outward vector n;.
The area of interface between solid and fluid contained
within V is denoted with S and its geometry is defined

by the unit vector nff pointing into fluid, which is not
to be mixed with n;.

Figure Al. Averaging volume

The position vector of the centre of the averaging vol-
ume is denoted with x;, and the position vector of any
point within the averaging volume with r; (Figure Al).
Geometry of fluid within the averaging volume is de-
fined by a distribution function

1 ifr, eV,
}/f = A (A.l)
0 ifr, eV,

The most important spatial averaging operators are the
superficial volume average operator, < >S, and intrinsic
volume average operator, < > , defined as (Hassanizadeh
and Gray, 1979)

() (%) =V3 j o(r. 0, (F.D Y, (A.22)

() (%,0) = Vl [t 07 .0V, (A2b)

where dV is the infinitesimal element of V . These two
averaging operators are related through porosity

(o) =¢(0). (A3)
where porosity is equal

\Y s
¢:Vf:<7/f> : (A4)

Intrinsic spatial averaging splits a property at a point in
space into a sum of its spatial average and spatial dis-
turbance (denoted with a wavy overbar):

(p:<(p>+q~), (A5)

Temporal averaging operator is denoted with overbar
and defined as

t+At
1

D =— dt. (A.6)
@ At!w

It splits an instantaneous property into the sum of its
temporal average and fluctuation (denoted with prime):

P=p+9". (A7)
Spatial average is associated with the centre of the aver-

aging window, and the temporal average with the centre
of the averaging time interval. Obviously

¢'=0, (¢)=0. (A.8)

For any two fluid properties, @, , the following rules
of sum and average of a product apply:

(p+y)=(o)+(v), (A9

oy =pp+p'y', (pw)=(p)(w)+(@p). (AL0)

Pty =0+,

This discussion is limited to the case of microscopically
incompressible fluid flowing over and within fixed
porous bed with no-slip condition for microscopic ve-
locity at the interface between the fluid and the porous
matrix. In this case the averaging volume does not

change with time, the averaging windows At and V,

are independent, so the two averaging operators com-
mute, i.e.

(7)={p). (A.11)
It can be easily shown that then the following operators
also commute (Pedras, de Lemos, 2001):

(@)=(p)" (A12)
?=0, (A.13)
o =9 (A14)

Finally, averaging of flow equations requires the know-
ledge of the relationship between the averages of deriva-
tives and the derivatives of the averages. In temporal
averaging of momentum equations for flow over and
inside fixed porous bed, averaging window does not
change with either space or time, so the temporal aver-
ages of all derivatives and the derivatives of the tempor-
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al averages commute. The same applies to volume aver-
aging above the roughness crest.

Below the roughness crest, the volume averaging do-
main changes in space, thus spatial averaging operator
does not commute with the spatial derivatives and the
local averaging theorem has to be invoked to yield

<5¢’> ) _i”(pnffds, i=123, (Al
OX; ox Vg

or, using the relationship between volume average and
intrinsic volume average,

Appendix B Spatial averaging of the RANS equation

The Reynolds-averaged Navier Stokes equation
(RANS) for incompressible fluid is
- I 2~ N
;| 9uT; _ j_lﬁﬂ/a_uzur% i,j=12,3(B1)
ot 0Ox P OX; OX; OX;

where u;=velocity component in the x-th direction,
g;=gravity acceleration in the x;-th direction, p=density,
p= pressure, v=kinematic viscosity. The double-
averaged Navier-Stokes equation, DANS, is derived by
finding the intrinsic average of each term in the RANS
equation (B.1), with the use of the theorems (A.16),
(A.18) and the rules (A.9) and (A.10). The result is

109(1,) 106(8)(@) 1 24(p)
pP X

g ot 4 X ’

Va(¢<a“i>]_1a¢<w>_la¢<@ﬁj> ®2)

+7 —_
@ OX; OX; ¢ OX ¢ OX
ou.
L jﬁni'dS—ijv—’nf'dS
PV g Vig 0%

<6‘p>:18¢<(/’>_1j‘]‘(pnffd3, i=12,3, (A.16)
ox | ¢ ox V<

The theorem has been proved several times (e.g.
Whitaker, 1967, Slattery, 1969, Gray and Lee, 1977).
For non-moving fluid-solid interface spatial averaging
domain does not change with time so the volume aver-
aging operator commutes with the time derivative:

<5€0> _9p) (A.17)
ot ot
or, with intrinsic volume averages

op\_104(p) (A.18)
ot ¢ ot

The surface integrals in (B.2) appear as a result of ap-
plying (A.16). The three terms in the second line of
(B.2) can be grouped into a single fluid stress term by
defining fluid stress as
ou; ~ ~ -

TU=/l<axj>_p<u|'uj‘>_p<uluj>, IrJ=11213 (B?))
where p=pv is the dynamic viscosity. The two terms in
the third line of (B.2) can be multiplied with pg and
grouped into a single drag term:

_ 1 1 ou, .
fo=—=[pnfdS+=[u—2n"dS, i, j=123 (B4)
j v!p j v!"axi | .

where f_J is the time-averaged force with which fluid

acts upon the grains, per unit averaging volume. Multip-
lying (B.2) with pg and introducing (B.3) and (B.4)
yields:

9p(U) 0 (W) ag(p) 0Pt
R T ax; ax —f B9
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